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In this paper, viscoelastic shear horizontal (SH) wave propagation in functionally graded material (FGM)
plates and laminated plates are investigated. The controlling differential equation in terms of displace-
ments is deduced based on the Kelvin–Voigt viscoelastic theory. The SH wave characteristics is controlled
by two elastic constants and their corresponding viscous coefﬁcients. By the Legendre polynomial series
method, the asymptotic solutions are obtained. In order to verify the validity of the method, a homoge-
neous plate is calculated to make a comparison with available data. Through three different graded
plates, the inﬂuences of gradient shapes on dispersion and attenuation are discussed. The viscous effects
on the displacement and stress shapes are illustrated. The different boundary conditions are analyzed.
The inﬂuential factors of the viscous effect are analyzed. Finally, two multilayered (two layer and ﬁve
layer) viscoelastic plates that are composed of the same material volume fraction are calculated to show
their differences from the graded plate.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Recently, functionally graded materials (FGM) have received
much attention with their increasing usage in various applications
and working environments because of their gradually changed
material properties. With the purpose of non-destructive evalu-
tion, the guided wave characteristics in FGM structures have at-
tracted considerable researchers.
As early as in 1991, Liu et al. (1991) had developed a ﬁnite layer
element method to investigate the Lamb waves in FGM plates.
Then, Ohyoshi (1995) improved each ﬁnite layer element into lin-
early inhomogeneous layer element (LIE), i.e. he use the piecewise
linear interpolation to approximate the continuous gradient varia-
tion. Based on the LIE method and Hamilton principle, Han et al.
(2002) obtained the dispersion relations of FGM hollow cylinders.
Han et al. (2000) also proposed a quadratic layer element method
to investigate the wave in FGM plates. Chakraborty and Gopala-
krishnan (2003, 2004) developed the gradient spectral elements
to investigate the wave propagation in FGM beams. Wang and
Rokhlin (2004) used the recursive geometric integrators for the
wave propagation in multilayered graded elastic medium. Chen
et al. (2007) calculated the dispersion curves by the reverberation
matrix method. Shakeri et al. (2006) studied the vibration and ra-
dial wave propagation in an FGM thick hollow cylinder that is
made of many isotropic sub-cylinders. Hosseini (2009) obtained
the axisymmetrical dynamic solution for an isotropic layered
FGM thermoelastic hollow cylinder (without energy dissipation)ll rights reserved.by Galerkin ﬁnite element and Newmak methods. Lefebvre et al.
(2001) developed the Legendre polynomial series method to inves-
tigate the wave propagation in FGPM (functionally graded piezo-
electric materials) plates. Elmaimouni et al. (2005) investigated
the wave characteristics in FGM hollow cylinders using this poly-
nomial method. Then, Yu et al. (2007, 2009) using this method
investigated the wave characteristics in FGM spherical curved
plates and FGPM hollow cylinders. Wu et al. (2008) extended the
polynomial method to the magneto-electro-elastic FGM plates.
Then, Yu and Ma (2010), Yu and Wu (2009) using this extended
method investigated the magneto-electro-elastic FGM cylindrical
curved plates and spherical curved plates. Very recently, the poly-
nomial method has been extended to solve the problem of general-
ized thermoelastic wave propagation in FGM structures (Yu et al.,
2010a,).
Guided SH wave, because of its particular characteristics (such
as weak dispersion, existing only one directional displacement,
etc.), received much attention in the area of guided ultrasonic
NDT&E (Non Destructive Testing and Evaluation). Josse et al.
(2001) designed guided SH wave devices for high-sensitivity chem-
ical and biochemical sensors in liquids. Castaings and Hosten
(2001) developed air-coupled ultrasonic transducers that are used
to generate and detect guided SH waves in anisotropic solid plates.
Lee et al. (2010) used Beam-Focused SH wave magnetostrictive
transducers to detect damages in a plate. Zhao and Rose (2004)
studied the guided circumferential SH wave characteristics in iso-
tropic hollow cylinders.
Over the past decades, the attenuation caused by viscoelasticity
had puzzled researchers who embarked on ultrasonic NDT. But the
researching advance is not notable, especially for guided waves. As
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FGM structures and the correspondingly coupled electro-elastic,
thermo-elastic and magneto-electro-elastic FGM structures are
all obtained appropriate researching efforts. But few literatures
paid attention to the wave propagation in viscoelastic FGM struc-
tures. In this paper, guided SH waves in orthotropic viscoelastic
FGM and laminated plates are investigated in the context of the
Kelvin–Voigt viscoelastic model. The dispersion curves, attenua-
tion curves are illustrated. The inﬂuences of the gradient variation
on the wave characteristics are discussed. The inﬂuential factors of
the viscous effect are preliminarily analyzed. Finally, the differ-
ences between laminated and graded plates are illustrated.2. Mathematics and formulation of the problem
Consider an orthotropic, viscoelastic FGM plate which is inﬁnite
horizontally with a thickness h. Its material properties vary in the
thickness direction. We place the horizontal (x,y)-plane of a carte-
sian coordinate system on the bottom surface and let the plate be
in the positive z-region. The wave is propagated in the x direction.
On the assumption that the SH wave propagating in the x direc-
tion, the total displacements are expressed as
ux ¼ uz ¼ 0; uy ¼ uyðx; z; tÞ; ð1Þ
where ui are the elastic displacements. Based on Kelvin–Voigt visco-
elastic model, the constitutive equation in the Cartesian coordinate
system can be written in the following form
Tyz ¼ C44
@uy
@z
; Txy ¼ C66
@uy
@x
ð2Þ
with C44 ¼ ðC44 þ il44xÞ;C66 ¼ ðC66 þ il66xÞ. Here Tij are stress; Cij
and lij are elastic constants and viscous coefﬁcients respectively;
x is the angular frequency.
For the wave propagation considered in this paper, the body
forces are assumed to be zero. Then, the SH wave governing equa-
tion is
@Txy
@x
þ @Tyz
@z
¼ q @
2uy
@t2
ð3Þ
with q being the density of the material.
2.1. The graded plates
2.1.1. Stress free boundary
By introducing the rectangular window function p0,h(z)
(Lefebvre et al., 2001)
p0;hðzÞ ¼
1; 0 6 z 6 h
0; elsewhere

;
the boundary conditions (Tyz = 0 at z = 0,z = h) are automatically
incorporated in the constitutive relations:
Tyz ¼ C44
@uy
@z
p0;hðzÞ; Txy ¼ C66
@uy
@x
: ð4Þ
The material properties vary in the thickness direction according to
a known gradient function about z, and the known arbitrary gradi-
ent function can be ﬁtted into a power series,
CijðzÞ ¼ Cð0Þij þ Cð1Þij
z
h
 1
þ Cð2Þij
z
h
 2
þ    þ CðLÞij
z
h
 L
: ð5aÞ
With implicit summation over repeated indices, Cij(z) can be written
compactly as
CijðzÞ ¼ CðlÞij
z
h
 l
l ¼ 0;1;2 . . . ; L: ð5bÞOther material constants can be treated in the same way,
qðzÞ ¼ qðlÞ z
h
 l
; lijðzÞ ¼ lðlÞij
z
h
 l
; l ¼ 0;1;2 . . . ; L: ð5cÞ
For a free harmonic wave being propagated in the x direction in the
plate, we assume the displacement components to be of the form
uyðx; y; z; tÞ ¼ expðikx ixtÞVðzÞ ð6Þ
V(z) represents the amplitude of vibration in the y direction. k is the
magnitude of the wave vector in the propagation direction.
Substituting Eqs. (4), (5), (6) into Eq. (3), the governing differen-
tial equation in terms of displacement component can be obtained:
z
h
 l
CðlÞ44 V
00þðlÞz1CðlÞ44 V 0

p0;hðzÞ  k2CðlÞ66 V
 ih
þ ðdðz 0Þ  dðz hÞÞ z
h
 l
CðlÞ44 V
0 ¼  z
h
 l
qðlÞx2V ; ð7Þ
To obtain the solution of the viscoelastic SH wave controlled by Eq.
(7), we expand V(z) to Legendre orthogonal polynomial series
VðzÞ ¼
X1
m¼0
rmQmðzÞ: ð8Þ
Here rm is the expansion coefﬁcient and
QmðzÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2mþ 1
h
r
Pm
2z h
h
 
with Pm being the mth Legendre polynomial. Theoretically, m runs
from 0 to 1. In practice, the summation over the polynomial in
Eq. (8) can be halted at some ﬁnite value m =M, when higher order
terms become negligible.
Substitute Eq. (8) into Eq. (7). Then Eq. (7) is multiplied by Qj (z)
with j running from 0 toM. And integrating over z from 0 to h gives
the following (M + 1) equations
lAj;mrm ¼ 0; ð9Þ
where summation over repeated indexm is implied withm ranging
from 0 to M, and
lAj;m ¼ CðlÞ44 Dðm; j; l;2Þ þ ðlÞCðlÞ44 Dðm; j; l 1;1Þ  k2CðlÞ66 Dðm; j; l;0Þ
h
þCðlÞ44 Bðm; j; l;1Þ þ qðlÞx2Dðm; j; l;0Þ
i
; ð10Þ
Dðm; j; i;nÞ ¼
Z h
0
QjðzÞ
z
h
 i @nQmðzÞ
@zn
dz;
Bðm; j; i;nÞ ¼
Z h
0
QjðzÞ
z
h
 i
ðdðz 0Þ  dðz hÞÞ @
nQmðzÞ
@zn
dz:
The non-zero solutions of Eq. (9) can only exist when the determi-
nant of the coefﬁcient of rm equals zero, which yields
f ðk;xÞ ¼ jlAj;mj ¼ 0: ð11Þ
So, the SH wave dispersion curves and attenuation curves can be
obtained by numerically solving Eq. (11). Here, the Newton down-
hill method is used to solve the nonlinear equation with complex
coefﬁcients. Because Eq. (11) is a nonlinear complex coefﬁcient
equation about frequency x and wave number k, we keep x real
and let k to be complex. Then, the phase velocity is deﬁned as
c =x/Re(k), and the imaginary part of k is a measure of attenuation.
The obtained solutions are asymptotic. So, not all solutions can be
accepted. We determine that the solutions obtained are converged
solutions when a further increase in the matrix dimension or M
does not result in a signiﬁcant change. The computer program
was written using Mathematica.
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Fig. 1. The ﬁtting error distribution of the gradient function V1(z) = (z/h)0.5.
Table 1
The material properties of the two homogeneous materials.
Property C44 C66 l44 l66 q
Bottom material 6.15  0.6 3.32  2 0.02  1.2 0.009  3.6 0.5
Carbon ﬁber 6.15 3.32 0.02 0.009 1.5
Units: Cij(GPa), lij (GPams), q(g/cm3).
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Under the ﬁxed boundary conditions, we expand V(z) to Legen-
dre orthogonal polynomial series
VðzÞ ¼ zðz hÞ
X1
m¼0
rmQmðzÞ: ð12Þ
Obviously, Eq. (12) directly meets ﬁxed boundary conditions: uy = 0
at z = 0, z = h.
Substituting Eq. (2), (5), (6) into Eq. (3), the governing differen-
tial equation in terms of displacement component can be obtained:
z
h
 l
CðlÞ44 V
00 þ ðlÞz1CðlÞ44 V 0
 
 k2CðlÞ66 V
h i
¼  z
h
 l
qðlÞx2V : ð13Þ
Similarly, we can obtain (M + 1) equations
lGj;mrm ¼ 0; ð14Þ
where
lGj;m ¼ CðlÞ44 Hðm; j; l;2Þ þ ðlÞCðlÞ44 Hðm; j; l 1;1Þ  k2CðlÞ66 Hðm; j; l;0Þ
h
þqðlÞx2Hðm; j; l;0Þ; ð15Þ
Hðm; j; i;nÞ ¼
Z h
0
QjðzÞ
z
h
 i @nzðz hÞQmðzÞ
@zn
dz:
Then, a frequency equation that results from the determinant of the
coefﬁcient of rm equals zero is obtained.
2.2. The layered plates
Consider an orthotropic, N-layered viscoelastic plate which is
inﬁnite horizontally with a total thickness hN(hN = h). Similarly,
the horizontal (x,y)-plane of a cartesian coordinate system on the
bottom surface and let the plate be in the positive z-region, where
the medium occupies the region 0 6 z 6 hN. In this section, only
the traction free boundary is considered.
The elastic constant of the layered plate is expressed as
Cij ¼
XN
n¼1
Cnijphn1 ;hnðzÞ; ð16aÞ
where N is the number of the layers and h0 = 0. C
n
ij is the elastic con-
stant of the Nth layer material. Similarly, the other coefﬁcients can
be expressed as
lij ¼
XN
n¼1
lnijphn1 ;hn ðzÞ; q ¼
XN
n¼1
qnphn1 ;hn ðzÞ: ð16bÞ
Instead of Eq. (5a) with Eq. (11), the governing differential equa-
tions of layered plates in terms of displacement component can
be obtained
Cn44V
00  k2Cn66V
 
phn1 ;hn ðzÞ þ ðCn44phn1 ;hnðzÞÞ0V 0
¼ qnx2V ; n ¼ 1;2; . . . ;N; ð17Þ
where, (c)0 represents derivative of z.
Then, the following solving procedure is the same to the above
graded case, from Eqs. (8)–(11).
3. Numerical results
In this paper, the Voigt–type micromechanical model is used to
calculate the effective material constants of FGM. It is expressed as
PðzÞ ¼ P1V1ðzÞ þ P2V2ðzÞ; ð18Þ
where Vi(z) and Pi denote the volume fraction of the ith material and
the corresponding property of the ith material, respectively. Here,P
ViðzÞ ¼ 1. So, the properties of the graded material can be ex-
pressed as
PðzÞ ¼ P2 þ ðP1  P2ÞV1ðzÞ: ð19Þ
According to Eq. (5a), the gradient shape of the material volume
fraction can be expressed as a power series expansion. The coefﬁ-
cients of the power series can be determined using the Mathemat-
ica function ‘Fit’.
For example, we assume h = 1 and the gradient ﬁeld is
V1ðzÞ ¼ ðz=hÞn ¼ zn:
When n = 1, according to Eq. (5a),
Cð0Þ ¼ C2;Cð1Þ ¼ ðC1  C2Þ;Cð2Þ ¼ Cð3Þ ¼ Cð4Þ ¼    ¼ CðLÞ ¼ 0
When n = 0.5, we must ﬁt V1(z) to a power series, such as
Vf ¼ 0:054þ 4:534z 26:544z2 þ 104:465z3  230:41z4
þ 281:305z5  177:7z6 þ 45:2926z7:
Of course, there exists ﬁtting error to some extent. But the ﬁtting er-
ror is very small. If we deﬁne the ﬁtting error as
Ef ¼ V1ðzÞ  Vf :
Fig. 1 is the ﬁtting error distribution of this example. Obviously, the
ﬁtting error is very small.
Then, according to Eq. (5a), we can obtain
Cð0Þ ¼ C2 þ ðC1  C2Þ  0:054; Cð1Þ ¼ ðC1  C2Þ  4:534;
Cð2Þ ¼ ðC1  C2Þ  ð26:544Þ; Cð3Þ ¼ ðC1  C2Þ  104:465;   
Cð7Þ ¼ ðC1  C2Þ  ð42:2926Þ:
Based on the foregoing formulation, a computer program has been
written to calculate the dispersion curves and attenuation curves
for FGM and laminated viscoelastic plates.
3.1. Comparison with the available data
In order to validate our method, we calculate SH wave disper-
sion and attenuation curves for a homogeneous viscoelastic ortho-
tropic plate to make a comparison with the available data (Rose,
1999). The used material is carbon ﬁber. Its material properties
can be seen in Table 1. Figs. 2 and 3 are the dispersion and
Fig. 2. SH wave dispersion curves for the homogeneous orthotropic viscoelastic plate; (a) and (b) are the same curves using different scales; the dotted line in (b) is the
dispersion curves for the pure elastic plate–Rose’s results (1999, Fig. 18–3(a) and 18–5).
Fig. 3. SH wave dispersion curves for the homogeneous orthotropic viscoelastic plate; (a) and (b) are the same curves using different scales; the solid line in (b) is the
dispersion curves for the pure elastic plate– the authors’ results.
Fig. 4. SH wave attenuation curves for the homogeneous orthotropic viscoelastic plate; (a) and (b) are the same curves using different scales–Rose’s results (1999, Fig. 18–6).
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the book of Rose (1999). Figs. 4 and 5 are the results obtained by
this paper. It can be seen that our solutions are the same to the
published data for both dispersion curves and attenuation curves.3.2. The convergence of the method
This section studies the convergence of the polynomial method.
For the considered FGM plate, the material on its top surface (z = h)
is homogeneous carbon ﬁber. The material properties of the hypo-
thetical bottom surface material and carbon ﬁber are listed in Table
1. The gradient shape is C(z) = Cb + (Cc  Cb)(z/h). Four series cutoff
value (M = 7, 8, 9, 10) are calculated respectively. Tables 2–4 show
the solutions of wave number of the ﬁrst six modes at x = 30000,50000 and 70000 rad/s. From the three tables we can see that at
least the ﬁrst (M/2)-1 modes are of convergence.3.3. Dispersion and attenuation of different graded plates
In this section, three FGM plates with different gradient shapes
are considered. They are still composed of the two materials in Ta-
ble 1. The three gradient shapes are
CðzÞ ¼ Cb þ ðCc  CbÞðz=hÞn; n ¼ 0:5;1;2: ð20Þ
The obtained SH wave dispersion curves and attenuation curves are
shown in Figs. 6–11. Fig. 6(b), Fig. 8(b) and Fig. 10(b) simulta-
neously show the dispersion curves of the corresponding pure elas-
tic graded plates.
Fig. 5. SH wave attenuation curves for the homogeneous orthotropic viscoelastic plate; (a) and (b) are the same curves using different scales– the authors’ results.
Table 2
The solutions of wave number of the ﬁrst six modes at x = 30000 rad/s.
Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6
M = 7 18.0154 13.9428 11.5051 9.76141 5.83572 1.6166
0.9103i 1.0019i 0.9853i 1.0534i 2.0973i 8.6678i
M = 8 18.0157 13.9478 11.5237 9.8183 6.45624 1.60446
0.9104i 1.0028i 0.9913i 1.0569i 1.8623i 8.408i
M = 9 18.0158 13.948 11.5239 9.81891 6.49887 1.9183
0.9104i 1.0028i 0.9915i 1.0577i 1.8684i 6.981i
M = 10 18.0158 13.948 11.5242 9.82027 6.51857 1.91156
0.9104i 1.003i 0.9916i 1.0578i 1.861i 6.958i
Table 3
The solutions of wave number of ﬁrst six modes at x = 50000 rad/s.
Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6
M = 7 30.8156 25.6802 22.4044 19.6476 17.3305 14.3541
2.4406i 2.6774i 2.7318i 2.6558i 2.41i 3.0428i
M = 8 30.8163 25.6802 22.4036 19.7988 17.6099 15.8703
2.4407i 2.6764i 2.7445i 2.7696i 2.6362i 2.9435i
M = 9 30.8166 25.6961 22.4706 19.8612 17.6959 15.8045
2.4407i 2.6775i 2.74478i 2.7377i 2.6502i 2.8987i
M = 10 30.8169 25.7004 22.4946 19.8713 17.7156 16.2384
2.4408i 2.679i 2.7463i 2.7809i 2.6614i 2.8249i
Table 4
The solutions of wave number of ﬁrst six modes at x = 70000 rad/s.
Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6
M = 7 43.4766 37.3875 32.985 28.8439 25.0899 22.37
4.6573i 5.0282i 5.097i 4.8086i 4.501i 4.4197i
M = 8 43.495 37.512 33.5822 30.1008 26.7102 23.7858
4.6585i 5.0655i 5.169i 5.032i 4.7748i 4.3648i
M = 9 43.4958 37.5104 33.601 30.4233 27.6459 24.9013
4.6588i 5.0656i 5.2194i 5.194i 5.1602i 4.8078i
M = 10 43.4961 37.5312 33.671 30.4477 27.528 24.8475
4.6587i 5.065i 5.1976i 5.2087i 5.1962i 5.2673i
Y. Jiangong / International Journal of Solids and Structures 48 (2011) 2361–2372 2365From these ﬁgures we can see that the viscous effect on disper-
sion curves are prominent, especially at lower frequencies. The vis-
cous effect becomes stronger as the mode order increases. There
are no cut-off frequencies for all viscoelastic SH modes. But for
elastic SH waves, only the lowest mode has not cut-off frequency.
The attenuation of lower order modes is smaller than those of
higher order modes. For each mode, the attenuation is larger at
low frequencies. As the frequency increases, the attenuation be-
comes small. At some frequency, the attenuation reaches a mini-
mum. Here we call it minimum frequency. Exceeding the
minimum frequency, the attenuation becomes larger. The mini-
mum attenuation frequency should be ﬁrstly considered for the
guided ultrasonic NDT.
Furthermore, we can also discern the inﬂuences of the gradient
shapes on the wave characteristics. Firstly, as the power n in-
creases, the attenuation before the minimum frequency becomes
smaller; the originating phase velocity becomes smaller and the
viscous effect on dispersion curves becomes a little stronger. The
reason lies that the volume fraction of the top material becomes
small and the viscous coefﬁcients of the top material are smaller
than those of the bottom material.3.4. Displacement and stress shapes
The SH wave displacement and stress shapes of mode 2 for the
linear (n = 1) graded plate at fh = 5 KHz-m are shown in Fig. 12. It
can be seen that the viscous effect on the displacement and stress
shapes for this graded plate are too weak to be discerned. In order
to observe the viscous effect on the displacement and stress
shapes, we enlarge the viscous coefﬁcients to ﬁve times and then
calculate the displacement and stress shapes of mode 1 and mode
2 at fh = 2 and 5 KHz-m, as shown in Figs. 13–16. It can be seen that
the viscosity made the amplitudes of displacement and stress en-
larged and viscous effect on stress is stronger than on displace-
ment. Furthermore, the viscous effect at higher frequencies is
stronger than at lower frequencies.3.5. The case of ﬁxed boundary
This section studies the linear graded plate (n = 1) under ﬁxed
boundary condition. Fig. 17 shows its dispersion curves and atten-
uation curves. Except the ﬁrst mode does not occurs, its dispersion
curves and attenuation curves are similar to the case of stress free
boundary condition. In fact, the viscous effect on the displacement
and stress shapes are also similar to the stress free boundary con-
dition. In order to save space, the ﬁgures of displacement and
stress shapes are not shown here.3.6. Inﬂuences of the material parameters on dispersion and
attenuation
As is pointed above, as the power n increases (i.e. the total vis-
cous coefﬁcients of the graded plate become bigger), the viscous ef-
fect on dispersion curves becomes stronger but the attenuation
before the minimum frequency becomes smaller, which seems to
be inconsistent. Fortunately, apart from density, only four param-
eters (two elastic constants and two viscous coefﬁcients) deter-
mine the SH wave characteristics. Next, we reduce the four
Fig. 6. SH wave phase velocity dispersion curves for the viscoelastic graded plate of n = 0.5; (a) and (b) are the same curves using different scales; the solid line in (b) is the
dispersion curves for the pure elastic plate.
Fig. 7. SH wave attenuation curves for the viscoelastic graded plate of n = 0.5; (a) and (b) are the same curves using different scales.
Fig. 8. SH wave phase velocity dispersion curves for the viscoelastic graded plate of n = 1; (a) and (b) are the same curves using different scales; the solid line in (b) is the
dispersion curves for the pure elastic plate.
Fig. 9. SH wave attenuation curves for the viscoelastic graded plate of n = 1; (a) and (b) are the same curves using different scales.
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Fig. 10. SH wave phase velocity dispersion curves for the viscoelastic graded plate of n = 2; (a) and (b) are the same curves using different scales; the solid line in (b) is the
dispersion curves for the pure elastic plate.
Fig. 11. SH wave attenuation curves for the viscoelastic graded plate of n = 2; (a) and (b) are the same curves using different scales.
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Fig. 13. Displacement shapes for the graded plate of n = 1 when fh = 2 KHz-m; solid line: viscoelastic plate which viscous coefﬁcients are enlarged to ﬁve times, dashed line:
elastic plate, (a) mode 1, (b) mode 2.
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persion and attenuation curves are shown in Figs. 18–21.
Firstly, when we reduce l44, the viscous effect on dispersion
curves becomes weaker. The minimum attenuation value of eachmode becomes less. But the attenuation before the minimum fre-
quency does not change. Secondly, when C44 is reduced, the nota-
ble change is that the frequency as a whole becomes lower both for
dispersion curves and for attenuation curves. Furthermore, the vis-
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Fig. 14. Stress shapes for the graded plate of n = 1 when fh = 2 KHz-m; solid line: viscoelastic plate which viscous coefﬁcients are enlarged to ﬁve times, dashed line: elastic
plate, (a) mode 1, (b) mode 2.
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Fig. 15. Displacement shape for the graded plate of n = 1 when fh = 5 KHz-m; solid line: viscoelastic plate which viscous coefﬁcients are enlarged to ﬁve times, dashed line:
elastic plate, (a) mode 1, (b) mode 2.
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plate, (a) mode 1, (b) mode 2.
Fig. 17. SH wave characteristic curves for the viscoelastic graded plate of n = 1 under ﬁxed boundary condition; (a) phase velocity dispersion curves, (b) attenuation curves.
2368 Y. Jiangong / International Journal of Solids and Structures 48 (2011) 2361–2372cous effect on dispersion curves becomes stronger. The minimum
attenuation value becomes less. The attenuation before the mini-
mum frequency also becomes less. Thirdly, when we reduce l66,
the viscous effect on dispersion curves becomes stronger. The min-
imum attenuation value and the attenuation above the minimumfrequency become less, but the attenuation before the minimum
frequency does not change. Finally, when C66 is reduced, the phase
velocity becomes smaller. The viscous effect on dispersion curves
does not change signiﬁcantly. The attenuation as a whole becomes
larger.
Fig. 18. SH wave characteristic curves for the viscoelastic graded plate of n = 1 when l44 is reduced; (a) phase velocity dispersion curves; (b) and (c) are the same attenuation
curves using different scales.
Fig. 19. SH wave characteristic curves for the viscoelastic graded plate of n = 1 when C44 is reduced; (a) phase velocity dispersion curves; (b) and (c) are the same attenuation
curves using different scales.
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ing conclusions. For the SH wave propagating in the orthotropic
viscoelastic graded plate, the phase velocity is mainly determined
by C66 and the frequency is mainly determined by C44. The attenu-ation before the minimum frequency is mainly determined by elas-
tic constants. The viscous effect on dispersion curves and the
attenuation above the minimum frequency are determined not
only by the viscous coefﬁcients but also by the elastic constants.
Fig. 20. SH wave characteristic curves for the viscoelastic graded plate of n = 1 when l66 is reduced; (a) phase velocity dispersion curves; (b) and (c) are the same attenuation
curves using different scales.
Fig. 21. SH wave characteristic curves for the viscoelastic graded plate of n = 1 when C66 is reduced; (a) phase velocity dispersion curves; (b) and (c) are the same attenuation
curves using different scales.
2370 Y. Jiangong / International Journal of Solids and Structures 48 (2011) 2361–23723.7. Dispersion and attenuation of laminated plates
In this section, two thickness-equally laminated viscoelastic
plates, (a two layer plate and a ﬁve layer plate) are analyzed. Theyare all composed of the same two materials to the above graded
plate. For the two layer plate, its material properties of every layer
are C1ij ¼ Cb and C2ij ¼ Cc . For the ﬁve layer plate, its material prop-
erties of every layer are as following:
Fig. 22. SH wave phase velocity dispersion curves for the two layered viscoelastic plate; (a) and (b) are the same curves using different scales.
Fig. 23. SH wave attenuation curves for the two layered viscoelastic plate; (a) and (b) are the same curves using different scales.
Fig. 24. SH wave phase velocity dispersion curves for the ﬁve layered plate; (a) and (b) are the same curves using different scales.
Fig. 25. SH wave attenuation curves for the ﬁve layered viscoelastic plate; (a) and (b) are the same curves using different scales.
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2372 Y. Jiangong / International Journal of Solids and Structures 48 (2011) 2361–2372C1ij ¼ Cb; C5ij ¼ Cc; C3ij ¼ ðCb þ CcÞ=2; C2ij ¼ C1ij þ C3ij
 
=2;
C4ij ¼ C3ij þ C5ij
 
=2:
In fact, the ﬁve layer plate can be thought a multilayered graded
plate. Obviously, the material volume fraction of the two thick-
ness-equally laminated plates are the same to that of the linear
graded plate (n = 1). Figs. 22–25 are their dispersion curves and
attenuation curves.
Comparing the four ﬁgures with Figs. 8 and 9, we can see that
although the material volume fraction of the two layer plate is
the same to that of the linear graded plate, their dispersion and
attenuation are differences. Firstly, the dispersion of the two layer
plate is stronger. Secondly, the attenuation curves of each mode for
the two layer plate are more contorted. For the ﬁve layer plate, its
dispersion and attenuation are very close to the graded plate.4. Conclusion
Based on Kelvin–Voigt viscoelasticity, SH wave controlling
equations of orthotropic viscoelastic FGM plates are deduced. By
the Legendre polynomial series method, the dispersion and atten-
uation curves are obtained. According to the above analysis, the
following conclusions can be drawn:
(a) The gradient shapes of materials have considerable inﬂuence
both on the SH wave dispersion and on the attenuation.
(b) The viscosity made the amplitudes of displacement and
stress enlarged and viscous effect on stress is stronger than
on displacement.
(c) Two elastic constants (C44, C66) and their corresponding vis-
cous coefﬁcients (l44 and l 66) determine the SH wave char-
acteristics. The viscous effect on dispersion curves and the
attenuation are determined not only by the viscous coefﬁ-
cients but also by the elastic constants.
(d) Compared with the graded plate that has the same material
volume fraction, the dispersion of the two layer plate is
stronger and its attenuation curves are more contorted.Acknowledgment
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